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FERMIONIC SCREENING OPERATORS 
IN THE SINE-GORDON MODEL 

O ■ M. JIMBO, T. MIWA AND F. SMIRNOV 

(N 

I Abstract. Extending our previous construction in the sine-Gordon model, we 

show how to introduce two kinds of fermionic screening operators, in close analogy 
with conformal field theory with c < 1. 
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1. Introduction 



In our previous work [T], we have introduced and studied certain fermions which 
act on the space of local fields in the sine-Gordon model. The present note is intended 
as a supplement to that paper. Our aim here is to explain how to introduce fermionic 
>• . analogs of the two screening operators well-known in CFT with c < 1. 

In our notation, the Euclidean action of the sine-Gordon model is 



1.1) /l^«= / <; ^dMz.z)d-Mz.z) - -^^e 
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-il3ip{z,z) 
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sin7r/32 J 2 

In place of the coupling parameter /J^, we shall henceforth use the parameter 
(1.2) ^^ = l-/3^ 



assuming 1/2 < z/ < 1. We view the sine-Gordon model as a perturbation of the 
Liouville CFT. The latter is given by the action (11. ip without the last term, and 
the central charge is 

1.3 ^=1-1 • 

The exponential field parametrised as 

(1.4) <D„(^,2) = e ^"^^'"^("''^^ 

turns in the CFT limit into a primary field with the scaling dimension 

(1.5) = j^^^aia - 2) . 

Abusing the language, we refer to (11.41) as a primary field in the sine-Gordon model 
as well. 
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In [T], we have considered two types of fermions. One of them, denoted /32j_i5 72j-i 
and ^*2j-i^J2j-i^ local in nature. Acting on a primary field (11 ■4p . together with 
the action of local integrals of motion, they create the space of all descendant fields, 
which in the CFT limit corresponds to the Verma module. The other type, denoted 
/^screenj, 7screen,j and ^screen j , Tscrecnj > are uou-local. Wc Call them the first fermloulc 
screening operators. They relate primary fields with shifted exponents, 

as well as their corresponding descendants. For a more precise statement, see section 
12.31 below. These are analogous to one of the two screening operators which exist 
in Liouville CFT. For these primary fields and fermionic descendants, the vacuum 
expectation values (VEVs) can be written explicitly. This is the main advantage of 
the fermionic description of the space of local fields. 

As is well known, in CFT there exist another set of screening operators due to 
the symmetry 

1 

1 - u i — > . 

1 — u 

The goal of this paper is to introduce their fermionic counterpart. We shall call them 
the second fermionic screeing operators and denote them by /^screenj; 7screenj 

and ^scREENj5 7SCREENJ- 

The text is organised as follows. In Section 2, we consider the case of CFT on a 
cylinder. In [1], fermions are introduced by specifying their three point functions, 
which are encoded in a 'structure function' called u^'^. In section 2.1 we re-examine 
the analytic structure of u^'^ and find its asymptotic behavior in sectorial domains. 
In section 2.2 we define the operators f3^cREEN,jy ^^'^■^ fro^i the asymptotic expansion 
of co^'^. They relate the primary fields 

$a-2mi (rn e Z>o). 

We formulate the conjectural formulas pertaining to primary fields, and in section 2.3 
for their descendants. In section 2.4 we verify various consistency relations required 
from the conjectures. In section 2.5 we glue togehter the two chiralities and check 
their three point functions against the Zamolodchikov-Zamolodchikov formula. 

Section 3 is devoted to the case of the sine-Gordon model. Following the method 
in CFT we introduce the second fermionic screening operators by giving formulas 
for the VEV. In section 3.2 we check the formula with the Lukyanov-Zamolodchikov 
formula for one-point functions in the sine-Gordon model on the infinite plane. In 
section 3.3 we verify the validity of the consistency relations for them. 

2. Fermionic screening operators in CFT 

In this section we explain how to introduce the second fermionic screening oper- 
ators in CFT. 
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2.1. Analytic structure of u^'^. In [2] we considered cliiral CFT on a cylinder 
C/27riZ, with the central charge (11. 3p . and primary fields (pai^) of scaling di- 
mension (11. 5p . The objects of interest are the fermionic operators acting on the 
space of descendants of 0q,(O). They are defined through the "structure function" 
a;**'^(A, fj,\K, k', a). It describes the three point functions of the fermioninc descendants 
of 0a (0), in the presence of primary fields c>o), 0i+k(oo) inserted at x = dzoo. 

In this subsection, we re-examine the analytic structure of u'^'^ in order to extract 
the fermionic screening operators. So far the asymptotic analysis has been carried 
out only in the Throught this text we shall make this assumption. 

It is convenient to slightly modify u^'^ in [2], (11-5), and start from the function 

(2.1) Un^(\, filn, K,a) = / / dl dm S(l,a)S(m,2 — a) 

2m J J 

Here we have set 

= c(i^, K)t, /i^ = c(i^, k)u, 

dv.K^ = Y{vY'^e^\—\ , 5 = -i^loffz/- (1 - z/)log(l - z/). 



V 2 / 



and 



r(-z(l - v)k + f)\/2^(l - zy)(i-°)/2 ■ 

The function 0(/,m|/t, a) is essentially the Mellin transform of the resolvent ker- 
nel of a linear integral operator associated with the Thermodynamic Bethe Ansatz 
equation. It has an asymptotic expansion in k~'^ 



I + m 



6(/, m|K, a) ^ 6„(/, m|Q;)K ^" , 6o(/,rra|a) 

n=0 

The coefficients 0„(Z,m|a) in > 1) are polynomials in l,m determined from the 
recursion relation in [2], Section 11. We remark that, when the fields </)i=pk(±oo) are 
changed to descendants, the same structure for uJq^ still persists, the only change 
being in Q{l,m\K,a) (see e.g. [3]). 
Since 




{e'^'-'+^y S{k,a) = 

the integral (12. ip converges term by term in k"^, provided t, u belong to the domain 

(2.2) S+ : -2txv < argt < 0. 

By moving the contours into the lower half plane and taking residues in /, m, one 
obtains an asymptotic expansion of the form 

oo 

(2.3) ou'o'iX, /€, a) ^ ^ fe(K, a) (t, u ^ 0, t,ueS+). 

j,k=i 
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It is easy to see that the series in the right hand side is actually convergent on DxD, 
where D = {t e C \ \t\ < 1} (see Fig.l). 



Fig.l: Domains of analyticity of . This function is holomorphic in the unit 
disk D, and is continued analytically to the complex plane with the two cuts [1, oo) 
and [g~^,g~^oo) (q = e'^^'^) being removed. 

In fact, can be continued analytically in each variable to the entire complex 
plane with the two cuts [1, oo), g"^oo) (g = e'^*'^) being removed. The analytic 
continuation in the variable t is achieved explicitly by a similar integral f l2.ip . wherein 
the function S{l,a) is changed to S{l,a)A_{l,a) with 

A (la) = ^^M^^l) 

^' ^ sinh7r((l -z/)/ + if) 

To see this, notice that the series expansion (12. 3p remains intact under this modifi- 
cation because 

A„(z(j-|),«)=l (J6Z). 
On the other hand, due to the behavior 



A_(/,a) 



e^"""^ {I oo) 



the domain of convergence of the integral is changed from S+ to 

§_ : < argt < 27r(l - u) . 

Of course the same procedure applies to the u variable as well. Altogether one 
obatins 4 different expressions of the same function u^'^ corresponding to the sectors 
X Se', e, e' = ±- Let us write 

a;o''(A, h\k, k, a) = cjf^/(A, h\k, k, a) + u]o,e,e'{>^/ f^la) , 
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where 



1 

S±{k,a) = S{k,a)A±{k,a) , A^{k,a) = l 
and 

2il I 



a;o,.,.'(C|«) = J dlC'SS,a)S4-l,2-a). 

The function coincides with u^'^ considered originally in [2]. 

When A^,/i^ — )■ cxd, the modified function ul\, has an asymptotic expansion in 
each sector. For instance, one has the expansions of the form 

oo 

(2.4) c^+,+ (A, ft, a) ^ «) , 

j,k=i 

(2.5) a;!.%(A,/i|fi:,fi:,a) ~ > A "-/i — -w^% .fc(ft,a) 

cos2^(2j - 1 + z/a) 



oo 

E, 2j-Q 2fc-l 
A 1- /i " a;„ .^.j. fc(K,a) , 

i,fc=i 

in S+ X S+ and S_ x §+, respectively. The same quantity ;,(k, a) appears in 

two places. 

Note that a;o,e,e'(C|Q^) is independent of k. Later on, in Section 3.1, we shall use 
their asymptotic expansions as — )■ oo: 



i^o,T±(CI«) =^ 2^C - w^r: -^7 S + 2^C '^tj{a), 

j^i cos^{2j -l±ua) ^ 

where 

(2.6) ta(a) = - cot — (a + z/a) , 

(2.7) t;.(a) = -2tan^(2j-«), 

,,, , i 7iiy(2j — a) 
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The asymptotic expansions as — are obtained from the equahty 

2.2. Second screening operators. The function S{k, a) has three series of poles 
and zeroes in k, 

where j G Z>i. In [2], the first is used to introduce the fermionic creation operators 

oo oo 

i=i i=i 
while the second is used for the screening operators 

oo oo 
/^screenl"^) ^ ^ /^screenj' Tscreenl"^) ^ ^ O'screenj' 

They are related to the three point functions as follows. 

(/3*(A)7*(/i))«;,„ = u'^'^iX, fi\K, K, a) (A, /i -> oo) , 

(/3*(A)7s*creen(/^))K,« = w"(A,/i|K, a) (A ^ OO, /i ^ 0) . 

Here and after we use the abbreviation 

(2.10) (/3 (A)7 (^)).,« = 1^^(0)11 + ' 

and so on. We shall refer to them as 'pairings' of fermions 
The analysis in the previous subsection motivates us 1 



fermions 



us to introduce yet another 



^l(A) = ^*(A) + /3^creen(A) , 7l(A) = 7*(A) + 7screen(A) 



COS 7r{2i — I + ua) 



oo 



cos^(2j-l + 



such that together with /3+(A) = /3*(A) and 7+ (A) = 7* (A) they satisfy 

(/3:(A)7:,(/i)),,, = ujl';AX,i2\K,K,a) (e,e' = ±), 
for A, /i — > oo. The operators 



oo oo 

A ^""^ /^sCREENj 5 7sCREEn(A) = / ^ A I--' 7sCREENj 

correspond to the poles of A-{k, a) which are not canceled by the zeros in (12.91) . 
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We assign the following degrees to the Fourier components: 
deg = 2j - 1 , deg -f^^^^ = 2j - 1 , 

deg /3*„eenj = -^^(2^ - 2 + tt) , deg TscreenJ = -i^(2j - ") , 

deg/3scREEN,i = 1 (2j - a) , deg7^cREEN,j = i (2j - 2 + a) . 

Their pairings are given explicitly as follows. Set 

b u) ^ ' r(i(,-i) + f) 
'^■^'^ ^ . (,-i)!r(i^(,-i) + f)' 

^" v^(j-i)!r(i-(i-.)j-if) 

1 1 i-iy rQ-T^(j-f)) 
V.i-^(j-i)!r(i-^j + ^)- 

Then we have 



(2.11) {/3:7l).,a = Da{a)D,{2 - a)e(f , f a) 



(/3:7™,fc).,« = /^a(«)i?.(«)e(f , -z (A; - f ) 
(/3scREEN,i7DK,a = ^i(«)^6(2 - a)e(^ (j - f ) , a) , 

(/3sCREEN,i7screen,fc)^,a = (") © ( (j " f ) > " f ) l^^, 



where 



e(/, mlK, a) = e(/, m\K, a)x(fi:)'('+'"\ = (^— j r(z/)2 . 

We have given only those pairings which will be relevant to our calculations. 

We remark that the fermionic operators for the anti-chiral CFT are introduced 
by working with the function 

(2.12) u}^^[\ K, a) = ^ y j dl dmS{l, 2 - a)S{m, a) 

where c(i^, K)t = A~^, c(i^, k,)u = fi'"^, as a counterpart for cJq^. We have the following 
(conjectural) symmetry for the coefficients in the asymptotic expansions: 

6„(/, m\2 — a) = 6„(m, l\a). 

This implies the symmetry between the first and the second chiralities: the roles of 

/^2j-l5 /^screen j' 

and /3scREEN,i are interchanged with Y2j-i, Tscreen, 

• and 7scREEN,j) 
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respectively, and vice versa for 7* and (3* . The expansions at 00 and are inter- 
changed: 



00 

/3*(A) = 5^A^/3;,.„„ 7*(A) = E^'^^^.-i' 

00 00 

pi* f \\ \ ^ \-2j+apt* -* t \\ \ ^ \-2j+2—a^* 

r-^screen\ / / j r^screenj' ' screenv / / j /screenj' 

00 00 

PSCREEnIAJ = A 1-'^ PsCREENj) 7sCREENlAj = A 7sCREENj- 

However, since the relations between A, /i and t, u are reversed in power, in terms of 
the integration variables /,m in fl2.12p . there is no interchange between the upper 
and lower half planes wherein we take residues. The domain of convergence for the 
integral representation of the function is given by f l2.2p . It will change for 
because of the change 

(2.13) (e™+^t)'' ^ [e-'^'^'^hf 

in the integrand. However, by the same reason as above, the domain of convergence 
in the variable A^ is unchanged. There is a sign change in the residues caused by 
the change f l2.13p . This will bring the pairings 

(Pill).,. = Da{2 - a)D,{a)Q{^^, f |«:, a). 



1 (-1)^ r(| + Kfc-f)) _ 



The modification of the kernel function in the integral for the second screening 
operator in the anti-chiral case is S'(/, a) — > 5'(/, a)A_(/, a) where 

^ ^ sinh7r((l -z/)/ + zf) 

This will bring 

^*_(A) = ^*(A) + ^;creen(«), 7-(A) = + 7screen(«), 



00 



cos-(2,- 

0:7scREEN,fc).,« = -^a(2 " a)F,(a)e(^(fc - f ), a), 

0screenj7sCREEN,fc)K,a = Ej{oi)Fk{a)Q{j^{k - f), - f)|fi:,Q;). 
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2.3. Fermionic descendants. Let us formulate our conjectures relating various 
primary fields with shifted exponents and their fermionic descendants. We follow 
the multi-index notation in [1] and write, for I = {ii, ■■■ ,ip} (?i < • ■ ■ < ip), 

arranging /3*'s from left to right and 7*'s in the opposite order. We also set 

I{n) := {1, 2, ■ ■ ■ , n} , JoddH := {1, 3, ■ ■ ■ , 2n - 1} , 

and write al + b to mean the set {ai + 6 | i G /}. 

For the first screening operators the conjectures in [T] state as follows. Let n be 
an non- negative integer, and let C 2Z>o + 1 be multi- indices such that = 
#(/-). Then 

(2.14) 0„+2ni^(O) - C„,o(a)/3L^(„)7scrccn,/(n)0"(O) , 

(2.15) /3;+7/-0a+2ni^(O) - Cn,o(tt)/3/++2„7j--2n/3Ld(n)7screenJ(n)</'«(0) • 

Here the sign ^ means both sides have the same three point functions, e.g., 

(l-«:|/3*+7l-0.+2nl^(O)|l + «:) 

= C„,o(«)(l - ft;|/3J++2n7/--2n/3^ddW7screen,/(n)0a(O)|l + K,) ■ 

The main requirement is that in the two sides the n dependent factors must coincide. 
The proportionality constants Cnfi{a) depend on the choice of normalisation of the 
primary fields. We shall fix them in the next subsection. 

In the right hand side of (I2.15p . fermions with negative indices may appear. They 
are defined to be annihilation operators by enforcing the rule 

(2.16) /31, = t,(2-«)7,, 7la = -^a(«)/3„, 

[/3a5 /3*b]+ = Sa,b, [la, 7fe]+ = ^a,6 , 

where ta{a) is defined in (12.61) . 

Under the exchange 1 — u ^ 1/(1 — u), /^screen 7screen interchange their roles 
with 7scREEN /^SCREEN' respectively. Hence one expects the following relations: 

(2.17) 

a— 2m 

i(0) ~ Co,m(a)7LdM/3sCREEN,7(m)0a(O) , 

(2.18) /3/+7/-0 a— 2m — 

(0) ~ co,m(a)/3/+ -2m7/~+2m7/„ddM^SCREEN,/{ 

Obviously the scaling dimensions match in both sides. 
More generally, set 

(2.19) a{n,m) = a + 2n^ -2ml. 
Combining (I2.14p - fl2.18p together and using f l2.16p . one finds that 
(2.20) 

r/3:?++2(n-™)77-_2(n-m)/3Ld(n-m)'/>""'"n0) (n > m) , 
U^-2(m-n)7^+2(m-n)7Ld(r.-n)0i"'"^(O) {u < m) , 
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where we have set 

0^"''"^(O) = /3sCREEN,/(m)7screen,/(n)</'a(0) • 

Note that, in the case m = n, the l2j~i drop out altogether from the primary 

field, leaving 

2.4. Consistency check for descendants. Formula (12.201) requires some consis- 
tency conditions, which determine c„,m(a) once we fix ci,o(«) and co,i(a). We show 
(modulo computer checks) that if we fix cifl{a), co,i(q;) and ci,i(a), then, Cn,m{oi) is 
given by 

(2.21) 



(_l)-(n-) ci,o(a(m + J, m)) n^to' j)) if n > m; 

(_l)n(-n)) n"L7"^ co,i(a(n, n + j)) n"=o j)) if n < m. 



Cn,m('3^) 

Recall the reduction rule 

3^(/5a5 7fe! /3sCREENj5 1 scrccn,k)4>a{n,m) 

a+2(7i-m) 5 Tf)+2(m— n) ' /^SCREEN j+m' Tscreen,fc+r),) 



X 



/3sCREEN,7'(m)5 7screen,/(n))</'a5 



where 5" is a monomial of the fermions. There are consistency conditions among the 
three quantities Cifl{a), co,i(a) and ci,i(a). One can reduce 0a(i,i) to 0q in three 
different ways. First we have 

0q(1,1) - Cl,l(a)/3scREEN 

We have also 

= Ci,o(a(0, l))/3l7scrccn,l<^"(0,l) 

= ci,o(a(0, l))co,i(a)/31 

1 Tscrccn, 1 T 1 /^SCREEN , 1 
= - cot —(1 - Z/a)ci,o(a(0, l))Co,l(a)/3scREEN,l7scrccn,10a 

This and a similar calculation in a reversed order give the compatibility condition 

ci,i(a) = - cot —(1 - i^a)ci,o(a(0, l))co,i(a) 
V Iv 

% TT 

= - cot —(1 + z/a)co,i(a(l, 0))ci,o(a). 
A solution to the compatibility condition is given by 

Ci,o(a) = 1/ cos7r(f + ^), 
Co,i(a) = sin7r(-f + ^). 
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Now let US discuss c„,m(a) to be given by f l2.2ip . Let us choose /"*",/ C 2Z>o + 1 
such that 

#(/+) = #(/") = L, 
and consider the descendant ^*j+^*j~(t>a{n,m)- Let us use the abbreviation 

= (1 - k| * |1 + k). 

One can compute the ratio of 3 point functions {(3*i+^}~(f>a{n,m)) k/ {<Pa) k in two dif- 
ferent ways. For instance, if n > m, then fl2.20p gives the consistency condition 



{4'a{n,m)) K j_q {ft'a{m+j,m)) k j_q {4'a{i,j)) k. 



[a 



(/37++2(n-m)7/-_2(n-m)/^/odd(n-m)7sCREEN,7(m)%creen,/(n)'^a)f 



and similarly for m < n. One can apply fl2.20p to each term in the product of the 
left hand side. Then, calculation of the two sides by Wick contraction leads to a 
family of identities involving the functions Q{l,m\K,a) and Dj{a), Ej{a), Fj{a). 

Two remarks are in order. First, it is easy to see that the consistency condition is 
unchanged if we replace 0(/,m|/t, a) with 0(/,m|/t, a). This is because appears 
with the level as exponent. So, we forget x{k) in the following calculation. Next, we 
have performed computer checks with various choices of n, m that the consistency 
condition reduces to that of k = oo. We did such checks up to order Note that 

9(/,m|oo,a) = — . 

/ + m 

In the following we use only this specialization, and write 0(/,m|oo,a) simply as 
e(/,m). 

In order to write out these relations systematically, we introduce the following 
index sets: 

m) = {j ± 2(n - m) |j e /±} n Z>o, 
/±(n,m) = {-J T 2{n - m)\j G /±} n Z>o, 
i^(n,m) = (/odd(±('^ - U J^(n,m), 

where /odd('^) is the empty set if n < 0. The subscript c in I^{n,m) signifies the 
fermion contraction. Note that these index sets are actually depend only on the 
difference n — m. 

For example, 4^(0,0) = 0,J±(O,O) = J±; if /+ = {1,3} and J" = {1,5} we 
have /+(2,0) = {1,5,7}, /-(2,0) = {1}, /+(2,0) = 0, /,"(2,0) = {3}. Note that if 
n > m, then I^{n, m) = 0; if n < m, then I~{n, m) = 0. 
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Set 

2k-l£l+{n,m)Ul~ {n,ni) 

^n,m(a) = n ^cot^(aTi^a). 

adl^ (n,'m) 

We define the Cauchy determinant with normalization factors 

T)j+ j- (n, m\a) 



det 



V^V2!^' 2uJ J aei+{n,m),bei-{n,m) 



V 



e( 



i{2j-a) ib_- 
2{l-u) ' 2i^' 



i{2j-a) i(2k-a) 
2(1-1/) ' 2 



X 



j al {rn) ,b(il ~ {n,m) 



aS:I+ (n,m),k(il{n) 
jeI{m),kGl{n)/ 



a£l+{n,m) a(il~(n,m) 

In this notation, we have 

1*1- 4>a{n,m) (0) ) k=oo 



kel(n) 



[a 



{-l)L('^-^)+^"-"^t-^{a)'Di+j- {n, m\a) {n > m); 

(n, m\a) (n < m). 



(0a(O))K=oo 

On the other hand, the left hand side of the consistency relation reads 

(/3/+7l-0Q(n,m)(O)) 



(0«{n,m.)(O))c 



D,+,,-(0,0|«(n,m)), 



(0»(n,m)(O))c 
(0«(O))oo 



Af m-A'' 

n0Oa-(^--f)) 110(1^(1 

i=i i=i 



a(Af,Ar+j) \ .J_ 
2 ^ * 2v 



n-N 



i=i 

JV-l 



i=i j=o 

n-N-l 



X J] Di(a(iV + j,iV)^i(a(iV + j,iV)) 

j=0 
m-N-l 

X J] (-l)A(2-a(iV,iV + j))^i(a(iV,iV + j)) 

j=0 



X 



nj=o" Ci,o(a(m + j,m)) n7=o j)) if n > m; 

riiTo""^ co,i(a(n, n + j)) ni=o ci,i("(j\ j)) if n < m. 



where = min(n, m). The formula (12.211) for the normalization factor Cn^m{<^) is 
obtained from these relations. 

The relations for the normalization factor fl2.2ip are the same for the anti-chiral 
case. This follows from the formulas for the fermionic pairings that are given in 
Section 2.2. 
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2.5. Gluing two chiralities. The primary field in the full CFT is 

$„(0) = S{a)MO)MO) 

with some numerical coefficient S{a). 
Introduce the screened primary field by 

(2.22) $^"'™-'(0) = S„,rrt(a)/3sCREEN,/(m)^screen,/(n)7screen,/(n)7sCREEN,/(m)^a(0) ) 

k=i j=i 

Gluing toghether the relation f l2.20p with their anti-chiral partners, one finds that 

(2.23) <f„K;n)(0) = C„,™(«) X <^ $i'"''")(0) (n = m) , 

where the normalisation coefficient Cn,m,{oi) is related to c„,m(«) in fl2.20p and its 
anti-chiral counterpart Cn,m{(^) via 

r ( \ ( \ - '^(^(^^H) / / N 

The recursive relations, which determine the general case out of Co,i, Ci_o, Ci,i, are 



Cn,m(a) = < 



Crn-i,m-i{a)Ci^i{a{m - l,m - l)j {n = m) 
Cn-i,m{oi)Cifi{a{n-l,m)^ {n > m) 



These relations are deduced from the corresponding ones for c„ ^(tt), c„,m(tt) and 
the simple relations 

^n(") = t'i{a{n - l,m)), t^(a) = t'[{a{n,m- 1)). 

Choosing the 'exponential normalisation' $0(2;, ^)$_q(0) = |z|~^^°(l + 0(|2:p)), 
one can determine C„ m(tt) by comparing with the Liouville three point functions 
by Zamolodchikov-Zamolodchikov [4j. 

This calculation for the coefficient Cifl{a) is explained in [1], eq.(6.8). For Co,i(a), 
the relevant formula can be obtained by the substitution h — in [1], (A. 2) 
(which amounts to —l/i/ (1 — z/)/z/ ), and comparing the result with the pairing 
(/3scREEN,i7l).,a given by dm]). 
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We have checked that the K-dependent part agrees up to the degree k"®. Collecting 
the coefficients, we obtain the following result. 

(2.24) Ci,o(a) = r(z/)2"+2 V ^v tan ^{va + 1) 



X 



(2.25) Co,i(a) = -{(1 - vf''Y{vY'^}'^^) iviim^{va - 1) 

r(^i-- + — ^ r^--— ^ v{ — ^ + ^ 

M2 2^ 2v ] \2 2u \ ^ 



y(i 4- !i - ±] y( -- + t(— —) 

■^\^2^2 2u J \ 2 ^ 2v J ^ l-v J 



and 



(2.26) C,,i(a) = {(1 - ufT{u)-']^ x L ^ ^ ^ . 

rf-^(a-l)j r(z/(a-l)) 

The third one can be obtained from the ffist two by the relation 

Ci,i(a) = cot^ |(a - i)Co,i(a)Ci,o(a - ^). 

3. Sine-Gordon model 

In this section, we discuss the sine-Gordon model. Since the working is entirely 
similar to the one of [1], we shall be rather brief, indicating only the necessary 
formulas. 



3.1. Fermions in sine-Gordon model. As in the CFT case, the fermions in the 
sine-Gordon model are defined by giving the expectation values of basic descendants. 
The way of introducing the second screening operators is similar to that in CFT: in 
place of the function oj^^ {C, , ^\a) given in pQ, eq. (7.8), we use the following formal 
integral 



X A^{1, a) — A^'{m, 2 — a) 



coshvrz// coshTTZ/m 

which we understand as the expansions in C^{^ at 00,0; the expansions are obtained 
by taking residues in l,m in the upper/lower half planes. Accordingly, we define 
(0,7^(0 (e = ±) for ^ oo, and /3:*(C), 77^(0 (e = ±) for ^ as 
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follows: 

(3 (K) +/3screen(K) + /3 screen 

7*(MC)+7:ereen(M"'C) = + 

^7*(mC) + 7sCREEn(mC) + 7s*creen(/^~^C) = " 

^*(m"^C) + /3™(mC) (e = + 

5*(/X-lC) + ^SCREEn(M-'C) + /3Leen(MC) = " 

'r(M"'C)+7:ereen(M0 = + 

7*(M~'C) + 7sCREEn(M~'C) + 7:creen(/^C) (c = " 

The prescription for the fermion pairings is as follows. 

(/3f(c)7r(0)f = <,'(c,ei«), 

(c)7r(0)f = <,'(c,ei«) + ^o,e,'(c/ei«)- 

It is immediate to write them in terms of the Fourier components. For that purpose 
let us introduce the shorthand notation 



/3r(c) 

7^(0 

/3r(c) = 
7r(c) = 



/3« 



(a > 0), 

-M^/3*_a (« < 0), 



7a 



^"^7: (« > 0), 

-M^7-a (a<0), 



/3: 



SCREENj 



7sCREEN,i 



'^-"/3sCREEN,i (j > 0), 

-M^^SCREEN,!-? 0' ^ 0)- 



2j-2 + a 

M 7sCREENj 
-M^'^7sCREEN,l-i 0' ^ 0)- 



(j > 0), 



The minus sign in front of /J. comes from the orientation of cycles for complex 
integration. 

For all a, fe G 2Z + 1 and j, A; G Z we have 



i 1 



sG 



m ib 
2^' 2^ 



(^a7sCREEN,fc)i? " o„ , , ®^ ( o,, 
(/3sCREEN,7 76) 



a ] + 6a+b,osgn{a)27riiyHa{a) 
a) tl{2 - a 



i l^^Qfia i{2k + a — 2) 
2txv 

* \ sG ^ 
SCREENj rfe/Ji =7717; 



2z/' 2(1 -z/) 



a 



2(1 - z/) ' 2z/ 

2(2j - a) i{2k + a - 2) 



(/5sCREEN,j7sCREEN,fc)R^ — 2^^j^^)^k{'^ ^)\^^R 



2{l-v)' 2{l-u) 



a 



6j+k,isgn{2j - l)2'Kit"- 
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The first screening operators decouple from tlie rest: 

(3.1) (3™,7™,k)f = , 

(3.2) (/3™,7™,k)f = S,,,^^-'('^-'^-h'^{2 - a) . 

It is not surprising that the symmetry between two kinds of screening operators is 
broken: the sG model is a perturbation of CFT by the operators which behaves 
differently with respect to them. 



3.2. One point functions on the plane. In the limit R — oo, a;|p vanishes, and 
the only non-trivial pairings become 

(f^ljir^ = cot ^(a + ua) , {PlYaY^ = cot ^{a - va) , 



SCREEN ,j / SCREEN, j/oo — H' ^j' 
screenj ' screen,] /oo 



(B* -y* = u-^^^^-'^h' (a 

screen, J 'screen,!/ oo ''iv" 



Here again we have listed only the pairings which will be used later. 

The screened primary field is defined by the same formula fl2.22p as before. Notice 
that it is normalized as 



= 11. ^ ' l-f 



' oo 



In pp, we have verified for (n, m) = (1,0) that this formula agrees with the Lukyanov- 
Zamolodchikov formula [S] for the one-point function on the plane. Let us check 
that it works also for the second screening operators, i.e., for {n,m) = (0, 1). 
From fl2.22p and the pairings above we calculate 



(*«-i(0))^^ 



oo 2 , 2(l-a) I TT 

fi" 1-" Co,i(ttJ— cot — (1 — i^aj 



On the other hand, a direct computation with the formula in [5] gives 

($„_l(0))^^ ^ . . 2(1-..) fOL 1 



^^-^^-(Mr(.))^(-)i/o,i^2-2^;' 



H.^[x) = -(\-v) — 



r(x)r(i-x) r(^x 



r(-x)r(i + a:) r(-^x) 



We find perfect agreement with the formula above. 



3.3. Consistency. Finally let us touch upon the consistency conditions. 
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As explained in [T], section 9, the following identities can be derived from the 
linear integral equation defining 0^(/,m|a). 



a ± 



2(1 -u) 



V 



TT 



a —Itxv cot — (1 ± ua 
2v^ 



'^i? ="=9,.' +9,/ 



a 



2'Kucotf^{l±ua) ef ±^,mTi 



0f U±^T^ 



ef (/,m 



2 1 - z/ 



2 1 - z/ 



a ) =F 27r(l — u) cot 



7rz/(l — ail) 
2fl -z/) 



QsGf »(1-»±1) i(l-a±l) 



a ] =F 27r(l - u) cot 



7ri/(l— aitl) 
2(1-^^) 



e 



G(i{l-a±l) 



R 



OsG/ / i{l-a±l) 

^R r' 2(1-1/) 



2(1-1.) ' 

ef(i,m 



m 



a 



a 



Combining them together and manipulating with determinants, one deduces further 
that for all r, s > 



(3.3) 
where 



ef (/,m 



2r 1 - 
a h 2s 



det I e © y I / det 



A -B 

e D 



i{2j - a) i{2k - a) 



sG 
R 

sG 



2(1 - Z/) 2(1 - Z/) 

i{2j — a) ib 
2(1 - u) '~2^ 



a ) — 5j^fe27r(l — u) cot 



nv{2j — a) 
2(1- u) 



a 



Ga,k — e^ I — 



ia i(2k — a) 



^^bz/' 2Z. 



5a,feSgn(a) 27rz/cot 



2z/' 2(1 -z/) 
7r(a + z^a) 



a 



2iy 



2(2j — a) r — s 
m + 2 



u, = ef / 



2(1 -z/) z^ 
r — s i{2k — a 



a 



la 



r — s 



\2z^ u 



a 



z = efil 



V ' 2(1 -v) 

r — s r — s 
I , m + I 



.r — s 



ih 
'2^ 



a 



V 



V 



a 



and the indices range over 

j,kel{r), a,be 



loddis-r) is>r), 
-Lddir-s) (r > s). 



Appropriate specialisations of 03. 3p guarantee the consistency of the formula 
(I2.23p . Since the argument is the same as in [T], we omit the details. 
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